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a b s t r a c t
We present a formula to enumerate non-isomorphic circulant digraphs of order n with
connection sets of cardinality 2. This formula simplifies to C(n, 2) = 3 × 2a−1 − 4 in the
case when n = 2a(a ≥ 3), and C(n, 2) = (pa−1)(p+1)2(p−1) −a when n = pa(where p is an odd prime
and a ≥ 1). The number of non-isomorphic directed double networks are also enumerated.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Let Zn be a cyclic group of integers modulo n. A subset of Zn is called a connection set if it does not contain 0. The circulant
graph C(n, S)with respect to the connection set S is a directed graph with vertex set Zn and (u, v) is an arc from u to v if and
only if v−u ∈ S. A circulant graph C(n, S) is viewed as an undirected graph if S = −S where (u, v) is an arc if and only if (v, u) is
an arc. It is clear that ra : i −→ a+ i (∀i ∈ Zn) is an automorphism of C(n, S) and hence circulant graphs are vertex-transitive.
Since S is the out-neighbor set of 0 in C(n, S), C(n, S) is |S|-regular. We call C(n, S) a k-regular circulant graph if |S| = k.
Let Z∗n = {λ ∈ Zn | gcd(λ, n) = 1}. Two connection sets S and T of Zn are said to be equivalence if there exists λ ∈ Z∗n
such that T = λS = {λs ∈ Zn | s ∈ S}. Clearly, “equivalency” is an equivalence relation between connection sets and
if S and T are equivalence then C(n, S) ∼= C(n, T). The converse statement was conjectured by Ádám in 1967 in [1] that
if C(n, S) ∼= C(n, T) then S and T are equivalence. Inspired by this conjecture, numerous papers were published, and the
research was also extended to the isomorphisms of Cayley graphs although this conjecture was found to be false later (see [7,
8]). For the isomorphisms of circulant graph and Cayley graphs, one can refer to [2,3,6–8,11–14,18,19,21] for references. A
circulant graph C(n, S) is called Adam-isomorphic if C(n, S) ∼= C(n, T) implies that T is equivalence with S. If, for any subset
S ⊆ Zn, C(n, S) is Adam-isomorphic then Zn is said to have CI-property, and if, for any subset S ⊆ Zn with |S| ≤ m, C(n, S) is
Adam-isomorphic then Zn is said to have m-CI-property. Some CI (or m-CI)-property Zn are characterized, and for example,
we know that Zn has 2-CI-property and Zn has CI-property if n is square-free (see [18,19]), which allows us to possibly
enumerate the non-isomorphic circulant graphs. The enumeration of undirected and directed circulant graphs of prime
order has been obtained in [20,3,6], and rather efficiently for circulant graphs of square-free orders (see [4]). The problem
has been completely solved also for prime-squared orders (see [17]), in which case, circulant graphs do not necessarily
satisfy the CI-property. In addition, some enumeration formulas for degree restricted circulant digraphs were obtained by
several authors, see [15,16,22] for references.
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In this paper, we focus on the enumeration of the number of equivalence classes for connection sets of Zn and give a
formula to enumerate the number of non-isomorphic 2-regular circulant graphs, and this formula is explicitly expressed for
that of 2-regular circulant graphs of prime power order (see Theorems 4.4 and 4.7).
If S = {s,−s} then circulant graph C(n, S) is also 2-regular by our definition. However, in this case C(n, S) is a union
of r cycles where r = n
gcd(s,n)
. Hence, it can be easily seen that C(n, S) ∼= C(n, T) if and only if T = {t,−t} such that
gcd(t, n) = gcd(s, n). Such a 2-regular circulant graph is said to be degenerate. The 2-regular circulant graph C(n, S)
with S = {s1, s2} such that s1 6= −s2 is usually called a directed double network and these have been applied to design
interconnection networks [9]. In the last section, we give a formula to enumerate the number of non-isomorphic directed
double networks, and this formula is also expressed explicitly for prime powers (see Theorem 5.4).
The notation and symbols not defined here are standard, one can also refer to [10,5].
2. Isomorphism of directed double networks
Let Γ = (V, E) be a graph (directed or undirected) and Aut(Γ) its automorphism group. Γ is said to be transitive if Aut(Γ)
acts transitively on V . For a ∈ Zn, let ra : i −→ i + a(∀i ∈ Zn), then ra is an automorphism of circulant graph C(n, S) for any
connection set S ⊆ Zn \ {0} and hence we have the following result.
Lemma 2.1. R(Zn) = {ra | a ∈ Zn} is a subgroup of Aut(C(n, S)) which acts transitively on the vertex set Zn.
For the cyclic group Zn, the following result is well-known.
Lemma 2.2 ([5]). The automorphism group of Zn equals Z∗n = {λ ∈ Zn | gcd(λ, n) = 1} where λ : i −→ λi(∀i ∈ Zn) for λ ∈ Z∗n .
The following simple result is easy to verify.
Lemma 2.3. Let S and T be two connection sets of Zn. If there exists λ ∈ Z∗n = {λ ∈ Zn | gcd(λ, n) = 1} such that T = λS, then
C(n, S) ∼= C(n, T).
The following result is known by some authors, and can also be derived from Theorem 1 in [13]. For the integrality, we
prefer to give a short proof here.
Lemma 2.4. Let C(n, S) and C(n, T) be two 2-regular circulant graphs. Then C(n, S) ∼= C(n, T) if and only if S and T are equivalence.
Proof. If one of C(n, S) and C(n, T) is degenerate, then our result is obviously valid. We assume both of C(n, S) and C(n, T)
are not degenerate in the following.
Suppose that S and T are equivalence. Then there is λ ∈ Z∗n such that T = λS. By Lemma 2.3, λ is an isomorphism from
C(n, S) to C(n, T).
For the necessity, let C(n, S) ∼= C(n, T) where S = {s1, s2} and T = {t1, t2}. Clearly, 0 has neighborhood N(0) = S in C(n, S)
and N(0) = T in C(n, T). Since circulant graphs are vertex-transitive, we may assume that there exists an isomorphism f
from C(n, S) to C(n, T) which fixes 0. Then f maps S to T, that is, T = {f (s1), f (s2)}. Notice that 0 6= s1 + s2 ∈ N(s1) ∩ N(s2)
is the unique common out-neighbor vertex of s1 and s2 in C(n, S), and similarly t1 + t2 is the unique common out-neighbor
vertex of t1 and t2 in C(n, T). We claim that, for any isomorphism from C(n, S) to C(n, T)with f (0) = 0,
f (s1 + s2) = t1 + t2 = f (s1)+ f (s2). (1)
Consequently, f (2s1) = 2f (s1) and f (2s2) = 2f (s2).
For any u ∈ Zn, we know from Lemma 2.1 that σ = r−f (u) · f · ru is an isomorphism from C(n, S) to C(n, T) with σ(0) = 0.
According to (1), we have σ(s1 + s2) = σ(s1)+ σ(s2), which gives rise to
f (s1 + s2 + u) = f (s1 + u)+ f (s2 + u)− f (u). (2)
Taking u = s1 and u = s2 in (2), respectively, we have f (2s1+s2) = 2f (s1)+ f (s2) and f (s1+2s2) = f (s1)+2f (s2). By induction,
for any integers a and b, we have that
f (as1 + bs2) = af(s1)+ bf(s2). (3)
Without loss of generality, we may assume that gcd(s1, s2, n) = 1 (that is, C(n, S) is connected). Then, from (3), f is an
automorphism of Zn. By Lemma 2.2, f ∈ Z∗n and hence T = λS for some λ ∈ Z∗n . 
It is worth mentioning that the result of Lemma 2.4 can not be generalized to 3-regular circulant graphs. Elspas in [8]
gave the example that C(8, {1, 2, 5}) ∼= C(8, {3, 2, 7}), but {1, 2, 5} and {3, 2, 7} are not equivalence.
A directed double network is a 2-regular circulant graph C(n, S) with S = {s1, s2} such that s1 6= −s2. It immediately
follows from the proof of Lemma 2.4 that two directed double networks C(n, S) and C(n, T) are isomorphic if and only if S
and T are equivalence.
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3. Enumeration of 2-regular circulant graphs
Let G be a group acting on set X. An orbit of G containing x is the subset of X defined by Gx = {gx | g ∈ G}. Clearly, two
distinct orbits are disjoint and all the orbits consist of a partition of X. Let f ixX(g) = {x ∈ X | gx = x} be the fix set of g ∈ G in
X. It is well-known that the number of orbits can be calculated by Burnside’s lemma.
Lemma 3.1 ([10]). Let G be a group acting on set X. Then the number of distinct orbits of G equals N = 1|G|
∑
g∈G |f ixX(g)|.
Let [X]k = {{x1, . . . , xk} | xi ∈ X} be the k-subsets of X. The action of G on X induces the action on [X]k which is defined by
g{x1, . . . , xk} = {gx1, . . . , gxk}, where {x1, . . . , xk} ∈ [X]k, g ∈ G.
First we know by definition that
f ix[X]k(g) = {{x1, . . . , xk} ∈ [X]k | {gx1, . . . , gxk} = {x1, . . . , xk}}. (4)
On the other hand, g ∈ G regarded as a permutation has a disjoint cycle decomposition. Hence, if {x1, . . . , xk} ∈ f ix[X]k(g) then
the elements of {x1, . . . , xk} must produce some cycles in the cycle decomposition of g, say g = (x1)(x2 x3)(x4 x5 · · · xk) · · ·,
where (x1), (x2 x3) and (x4 x5 · · · xk) are a 1-cycle, 2-cycle and a (k− 3)-cycle of g, respectively (note that (x2 x3) and (x3 x2)
are viewed as the same cycle, and so on). Let or(g) be the number of r-cycles in the cycle decomposition of g where 1 ≤ r ≤ k.
We now set the integer equation below.{
y1 + 2y2 + · · · + kyk = k
or(g) ≥ yr, r = 1, 2, . . . , k. (5)
Let Sol(g) be the set of solutions of (5) and
(
n
m
)
be the number of combinations choosing m from n, where
(
n
m
)
= 1 if m = 0,
and
(
n
m
)
= 0 if n = 0 and m 6= 0.
Lemma 3.2. Let G be a group acting on set X and f ix[X]k(g) is defined as in (4). Then
|f ix[X]k(g)| =
∑
(y1,y2,...,yk)∈Sol(g)
(
o1(g)
y1
)
×
(
o2(g)
y2
)
× · · · ×
(
ok(g)
yk
)
. (6)
Proof. If {x1, . . . , xk} ∈ f ix[X]k(g), then {gx1, . . . , gxk} = {x1, x2, . . . , xk}. It means that g acting on {x1, x2, . . . , xk} generates
a product of some cycles in the cycle decomposition of g, say, i1’s 1-cycles, i2’s 2-cycles,..., and ik’s k-cycles. Then
(y1, y2, . . . , yk) = (i1, i2, . . . , ik) satisfies (5). Hence {x1, x2, . . . , xk} ∈ f ix[X]k(g) counts in the sum of (6).
Conversely, for any solution (y1, y2, . . . , yk) ∈ Sol(g), choosing yi’s i-cycles from oi(g)’s i-cycles of g we get a k-element
set {x1, x2, . . . , xk} ∈ f ix[X]k(g) that is the union of the elements in these cycles, and each different choice corresponds to a
different k-element set in f ix[X]k(g). Our result follows. 
By Lemmas 3.1 and 3.2, we have the following enumeration formula for the distinct orbits of G acting on [X]k.
Theorem 3.3. Let G be a group acting on set X. Then the number of distinct orbits of G acting on [X]k equals N, where
N = 1|G|
∑
g∈G
∑
(y1,y2,...,yk)∈Sol(g)
(
o1(g)
y1
)
×
(
o2(g)
y2
)
× · · · ×
(
ok(g)
yk
)
.
Let Z∗n act on X = Zn \ {0}, where the action of λ ∈ Z∗n is defined by
λ : i −→ λi mod(n), for any i ∈ X (7)
which will induce an action of Z∗n on [X]k. Let ϕ(n) = |Z∗n| be the Euler function. Then Theorem 3.3 gives the enumeration of
distinct equivalence classes of connection sets in {S ⊂ Zn \ {0} | |S| = k} as follows.
Corollary 3.4. Let C(n, k) denote the number of distinct equivalence classes of connection sets in {S ⊂ Zn \ {0} | |S| = k}. Then
C(n, k) = 1|ϕ(n)|
∑
λ∈Z∗n
∑
(y1,y2,...,yk)∈Sol(λ)
(
o1(λ)
y1
)
×
(
o2(λ)
y2
)
× · · · ×
(
ok(λ)
yk
)
.
Since we know that Ádám’s conjecture is true in the square-free case [18], the above formula enumerates exactly the number
of non-isomorphic k-regular circulant graphs of order n when n is square-free. In particular we have
Corollary 3.5. The number of non-isomorphism 2-regular circulant graphs of order n equals C(n, 2) = 1
ϕ(n)
∑
λ∈Z∗n { 12 o1(λ)
(o1(λ)− 1)+ o2(λ)}.
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Proof. A 2-regular circulant graph C(n, S) is uniquely determined by its connection set S ⊂ Zn \ {0}, where |S| = 2. By
Lemma 2.4 we know that the number of non-isomorphic 2-regular circulant graphs is just the number of orbits of Z∗n acting
on [X]2.
If k = |S| = 2, then (5) has at most two solutions (y1, y2) = (0, 1) and (y1, y2) = (2, 0), and note that
(
o1(λ)
2
)
= 0 if
o1(λ) = 0, 1;
(
o2(λ)
1
)
= 0 if o2(λ) = 0. By (6) we have
|f ix[X]2(λ)| =
∑
(y1,y2)∈Sol(λ)
(
o1(λ)
y1
)
×
(
o2(λ)
y2
)
=
(
o1(λ)
2
)
+
(
o2(λ)
1
)
.
Our result immediately follows from Corollary 3.4. 
Corollary 3.4 gives a theoretical formula which needs to present explicitly for calculation. The following result is well-
known in number theory.
Lemma 3.6. Let n and a be two integers. The congruence equation ax = 0 mod(n) has exactly gcd(a, n) distinct solutions in Zn,
where gcd(a, n) is the greatest common divisor of a and n.
Let Z∗n act on X = Zn \ {0} as defined by (7). For λ ∈ Z∗n , let
f ixX(λ) = {x ∈ X | λx = x mod(n)}.
Obviously, o1(λ) = |f ixX(λ)|. Note that λx = x mod(n) if and only if (λ− 1)x = 0 mod(n), and 0 6∈ X, by Lemma 3.6 we have
Lemma 3.7. Let λ ∈ Z∗n . Then o1(λ) = |f ixX(λ)| = gcd(λ− 1, n)− 1.
λ ∈ Z∗n regarded as a permutation of X as in (7) has a cycle decomposition. Recall that o2(λ) is the number of 2-cycles in
the cycle decomposition of λ. We have the following.
Lemma 3.8. Let λ ∈ Z∗n . Then o2(λ) = 12 (gcd(λ2 − 1, n)− gcd(λ− 1, n)).
Proof. Let (a b) be a 2-cycle in the cycle decomposition of λ. Then λa = b and λb = a. Hence λ2a = a mod(n) and
(λ2 − 1)a = 0 mod(n). Conversely, let (λ2 − 1)a = 0 mod(n), then λ2a = a mod(n); if b = λa 6= a then (a b) is a
2-cycle of λ(in this case, a, b 6= 0), if λa = a then (a) is a 1-cycle of λ(in this case, a may be zero).
By Lemma 3.6, (λ2 − 1)x = 0 mod(n) has gcd(λ2 − 1, n) solutions in Zn. On the other hand, the solutions of
(λ − 1)x = 0 mod(n) are included in that of (λ2 − 1)x = 0 mod(n). By Lemma 3.6, we claim that λ has exactly
1
2 (gcd(λ
2 − 1, n)− gcd(λ− 1, n)) 2-cycles. 
The Corollary 3.5 can be rewritten as the following formula.
Theorem 3.9. The number of non-isomorphic 2-regular circulant graphs of order n is
C(n, 2) = 1
2ϕ(n)
∑
λ∈Z∗n
{gcd(λ− 1, n)2 − 4gcd(λ− 1, n)+ gcd(λ2 − 1, n)} + 1,
where ϕ is the Euler function.
Proof. Since |Z∗n| = ϕ(n), according to Corollary 3.5 we need to calculate
C(n, 2) = 1
ϕ(n)
∑
λ∈Z∗n
(1
2
o1(λ)(o1(λ)− 1)+ o2(λ)
)
.
For λ ∈ Z∗n , o1(λ) = gcd(λ− 1, n)− 1 by Lemma 3.6 and o2(λ) = 12 (gcd(λ2 − 1, n)− gcd(λ− 1, n)) by Lemma 3.7. Therefore,
C(n, 2) = 1
ϕ(n)
∑
λ∈Z∗n
{1
2
o1(λ)(o1(λ)− 1)+ o2(λ)
}
= 1
ϕ(n)
∑
λ∈Z∗n
{1
2
(gcd(λ− 1, n)− 1)(gcd(λ− 1, n)− 2)+ 1
2
(gcd(λ2 − 1, n)− gcd(λ− 1, n))
}
= 1
2ϕ(n)
∑
λ∈Z∗n
{(gcd(λ− 1, n)2 − 4)× gcd(λ− 1, n)+ gcd(λ2 − 1, n)} + 1.
This completes the proof. 
By using a computer program, we can count C(n, 2) by means of the formula in Theorem 3.9. Particularly, the following
Table 1 gives C(n, 2) from n = 2 to 43.
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Table 1
C(n, 2) (2 ≤ n ≤ 43)
n 2 3 4 5 6 7 8 9 10 11 12 13 14 15
C(n, 2) 0 1 2 2 6 3 8 6 10 5 20 6 14 15
n 16 17 18 19 20 21 22 23 24 25 26 27 28 29
C(n, 2) 20 8 28 9 30 20 22 11 52 16 26 23 40 14
n 30 31 32 33 34 35 36 37 38 39 40 41 42 43
C(n, 2) 64 15 44 30 34 29 78 18 38 35 74 20 84 21
4. Explicit expression of the formula
In this section, we will give an explicit expression of the formula in Theorem 3.9 for n being a prime power. Let n = pa
where p is a prime and λ ∈ Z∗n . If gcd(λ− 1, n) 6= 1 then gcd(λ− 1, n) = pr for some 0 < r ≤ a. Obviously, gcd(λ− 1, n) = pa
if and only if λ = 1. Suppose that gcd(λ− 1, n) = pr for 0 < r < a. Then pr ‖ λ− 1 (that is, pr|λ− 1 but pr+1 - λ− 1). Hence
there exists 0 < k < pa−r with p - k such that λ = kpr + 1. Conversely, for any 0 < k < pa−r with p - k, λ = kpr + 1 ∈ Z∗n
satisfies gcd(λ− 1, n) = pr .
Lemma 4.1. Let n = pa(a ≥ 1) be a prime power and λ ∈ Z∗n . If 1 ≤ r < a then gcd(λ − 1, n) = pr if and only if λ = kpr + 1
where 0 < k < pa−r and p - k; If r = a then gcd(λ− 1, n) = pa if and only if λ = 1.
It is well-known that ϕ(pa) = (p−1)pa−1. Clearly, k satisfies 0 < k < pa−r and p - k if and only if k ∈ Z∗pa−r , there are exactly
ϕ(pa−r) = (p − 1)pa−r−1 such k’s in Lemma 4.1 satisfying λ = kpr + 1. By Lemma 4.1, there are (ϕ(n) −∑1≤r<a ϕ(pa−r) − 1)
numbers of λ in Z∗n such that gcd(λ− 1, n) = 1. Thus, for n = pa we have
∑
λ∈Z∗n
gcd(λ− 1, n) = ∑
λ∈Z∗n,gcd(λ−1,n)=1
1+ ∑
1≤r≤a
 ∑
λ∈Z∗n,gcd(λ−1,n)=pr
pr

=
(
ϕ(n)− ∑
1≤r<a
ϕ(pa−r)− 1
)
+ ∑
1≤r<a
prϕ(pa−r)+ pa
= (p− 1)pa−1 − (p− 1) ∑
1≤r<a
pa−r−1 − 1+ (p− 1) ∑
1≤r<a
pa−1 + pa
= (a+ 1)(p− 1)pa−1 (8)
and similarly as above
∑
λ∈Z∗n
(gcd(λ− 1, n))2 =
(
ϕ(n)− ∑
1≤r<a
ϕ(pa−r)− 1
)
+ ∑
1≤r<a
p2rϕ(pa−r)+ p2a
= (p− 1)pa−1 − (p− 1) ∑
1≤r<a
pa−r−1 − 1+ (p− 1) ∑
1≤r<a
pa+r−1 + p2a
= p2a + p2a−1 − 2pa−1. (9)
Similarly as the proof of Lemma 4.1, we have the following result.
Lemma 4.2. Let n = pa(a ≥ 1) be a prime power and λ ∈ Z∗n . If 1 ≤ r < a then gcd(λ + 1, n) = pr if and only if λ = kpr − 1
where 0 < k < pa−r and p - k; If r = a then gcd(λ+ 1, n) = pa if and only if λ = −1(= pa − 1).
Similar to (8), by Lemma 4.2 we have
∑
λ∈Z∗n
gcd(λ+ 1, n) =
(
ϕ(n)− ∑
1≤r<a
ϕ(pa−r)− 1
)
+ ∑
1≤r<a
prϕ(pa−r)+ pa
= (a+ 1)(p− 1)pa−1 = ∑
λ∈Z∗n
gcd(λ− 1, n). (10)
Lemma 4.3. Let n = pa(a ≥ 1) be an odd prime power and λ ∈ Z∗n . If 1 ≤ r < a then gcd(λ2−1, n) = pr if and only if λ = kpr+1
or λ = kpr − 1 where 0 < k < pa−r and p - k; If r = a then gcd(λ2 − 1, n) = pa if and only if λ = 1 or λ = pa − 1.
Proof. Obviously, gcd(λ2 − 1, n) = pa if and only if λ = 1 or λ = pa − 1.
If gcd(λ2 − 1, n) = pr for some 0 < r < a, then pr ‖ λ2 − 1(that is, pr ‖ λ2 − 1 but pr+1 - λ2 − 1). We have
pr ‖ λ2 − 1 = (λ+ 1)(λ− 1) if and only if pr1 ‖ (λ− 1) and pr2 ‖ (λ+ 1),where r1 + r2 = r, r1, r2 ≥ 0.
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By Lemmas 4.1 and 4.2,{
λ = k1pr1 + 1, where 0 < k1 < pa−r1 and p - k1
λ = k2pr2 − 1, where 0 < k2 < pa−r2 and p - k2 H⇒ k2p
r2 − k1pr1 = 2.
This is impossible if p 6= 2 and r1, r2 > 0. Since p is assumed to be an odd prime, we claim that (r1, r2) = (r, 0) or
(r1, r2) = (0, r), i.e.,
pr ‖ λ2 − 1 H⇒ pr ‖ λ− 1 or pr ‖ λ+ 1. (11)
Hence, by (11), Lemmas 4.1 and 4.2, we have λ = kpr + 1 or λ = kpr − 1 where 0 < k < pa−r and p - k. The sufficiency can
be simply verified. 
In the following, we will give explicit formulas for enumerations of 2-regular non-isomorphic circulant graphs of order
pa(p 6= 2) and 2a, respectively.
Theorem 4.4. Let n = pa(a ≥ 1) be an odd prime power. Then the number of non-isomorphic 2-regular circulant graphs of order
n is
C(pa, 2) = (p
a − 1)(p+ 1)
2(p− 1) − a.
Proof. Let Ar = {λ ∈ Z∗n | gcd(λ2 − 1, n) = pr}. By Lemma 4.3, |Ar| = 2ϕ(pa−r)(0 < r < a), |Aa| = 2 and|A0| = ϕ(n)− 2∑1≤r<a ϕ(pa−r)− 2. Hence we have∑
λ∈Z∗n
gcd(λ2 − 1, n) = |A0| +
∑
1≤r<a
pr|Ar| + pa|Aa|
=
(
ϕ(n)− 2 ∑
1≤r<a
ϕ(pa−r)− 2
)
+ 2 ∑
1≤r<a
prϕ(pa−r)+ 2pa
=
(
(p− 1)pa−1 − 2(p− 1) ∑
1≤r<a
pa−r−1 − 2
)
+ 2(p− 1)(a− 1)pa−1 + 2pa
= ((p− 1)pa−1 − 2(pa−1 − 1)− 2)+ 2(p− 1)(a− 1)pa−1 + 2pa
= pa − pa−1 − 2pa−1 + 2(a− 1)pa − 2(a− 1)pa−1 + 2pa
= (2a+ 1)pa − (2a+ 1)pa−1 = (2a+ 1)pa−1(p− 1). (12)
By Theorem 3.9, (9), (10) and (12), we have
C(pa, 2) = 1
2ϕ(n)
∑
λ∈Z∗n
{gcd(λ− 1, n)2 − 4× gcd(λ− 1, n)+ gcd(λ2 − 1, n)} + 1
= 1
2ϕ(n)
∑
λ∈Z∗n
gcd(λ− 1, n)2 − 4×∑
λ∈Z∗n
gcd(λ− 1, n)+∑
λ∈Z∗n
gcd(λ2 − 1, n)
+ 1
= 1
2ϕ(n)
{(p2a + p2a−1 − 2pa−1)− 4× (a+ 1)(p− 1)pa−1 + (2a+ 1)pa−1(p− 1)} + 1
= 1
2(p− 1)pa−1 {(p− 1)p
a−1(−2a− 3)+ pa−1(pa+1 − 1)+ pa−1(pa − 1)} + 1
= 1
2
{(−2a− 3)+ (pa + pa−1 + · · · + p+ 1)+ (pa−1 + pa−2 + · · · + p+ 1)} + 1
= 1
2
(pa − 1)+ (pa−1 + pa−2 + · · · + p+ 1)− a = (p
a − 1)(p+ 1)
2(p− 1) − a.
This completes the proof. 
Particularly, if n is an odd prime we have the following simple formula, which is obtained in [6].
Corollary 4.5 ([6]). Let n = p be an odd prime. Then the number of non-isomorphic 2-regular circulant graphs of order n is
C(p, 2) = 12 (p− 1).
Corresponding to Lemma 4.3 we have the following for n = 2a.
Lemma 4.6. Let n = 2a(a ≥ 3) and λ ∈ Z∗n . Then
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(a) gcd(λ2 − 1, n) 6= 2, 22.
(b) for 3 ≤ r < a, gcd(λ2 − 1, n) = 2r ⇐⇒ λ = k2 × 2r−1 − 1 or λ = k1 × 2r−1 + 1, where k2, k1 ∈ Z∗2a−r+1 .
(c) gcd(λ2 − 1, n) = 2a ⇐⇒ λ = 1, 2a − 1, 2a−1 − 1, 2a−1 + 1.
Proof. (a) Contrary to suppose that gcd(λ2 − 1, n) = 2. Then 2 ‖ λ2 − 1 and so λ2 = k × 2 + 1 where 2 - k. Obviously,
λ = 2m+ 1 must be an odd number. It deduces 4m2 + 4m = k× 2, a contradiction. Similarly, gcd(λ2 − 1, n) 6= 22.
(b) For 3 ≤ r < a, let gcd(λ2 − 1, n) = 2r . Then 2r ‖ λ2 − 1 = (λ − 1)(λ + 1). We may assume that 2r1 ‖ λ − 1 and
2r2 ‖ λ+ 1, where r1 + r2 = r, r1, r2 ≥ 0. Thus there exist odd numbers 0 < k1 < 2a−r1 and 0 < k2 < 2a−r2 such that{
λ = k12r1 + 1
λ = k22r2 − 1 H⇒ k22
r2 − k12r1 = 2 H⇒ r1, r2 ≥ 1 H⇒ k22r2−1 − k12r1−1 = 1.
Therefore, r1 = 1 or r2 = 1.
If r1 = 1 then r2 = r−1, and so k22r−2 = 1+k1, which implies that λ = k2×2r−1−1 = k1×2+1, where 0 < k2 < 2a−r+1.
Conversely, for odd number 0 < k2 < 2a−r+1, it is simple to verify that λ = k2 × 2r−1 − 1 satisfies gcd(λ2 − 1, n) = 2r .
If r2 = 1 then r1 = r− 1 and k2 − 1 = k12r−2, which implies that λ = k1 × 2r−1 + 1 = k2 × 2− 1, where 0 < k1 < 2a−r+1.
Conversely, for odd number 0 < k1 < 2a−r+1, it is simple to verify that λ = k1 × 2r−1 + 1 satisfies gcd(λ2 − 1, n) = 2r .
Additionally, since r ≥ 3 and k2, k1 ∈ Z∗2a−r+1 , λ = k2×2r−1−1, k1×2r−1+1 are all distinct. The statement in (b) follows.
(c) Similar to (b), it is routine to verify that gcd(λ2 − 1, n) = 2a if and only if λ = 1, 2a − 1, 2a−1 − 1, 2a−1 + 1. 
Theorem 4.7. Let n = 2a(a ≥ 3). Then the number of non-isomorphic 2-regular circulant graphs of order n equals C(2a, 2) =
3× 2a−1 − 4.
Proof. Let Br = {λ ∈ Z∗n | gcd(λ2 − 1, n) = 2r}. By Lemma 4.6, |Br| = 2ϕ(2a−r+1)(0 < r < a), |Ba| = 4 and|B0| = ϕ(n)− 2∑1≤r<a ϕ(2a−r+1)− 4. Then an equation similar to (12) for n = 2a can be written as∑
λ∈Z∗n
gcd(λ2 − 1, n) = |B0| + 2
∑
3≤r<a
|Br| × 2r + 4|Ba| × 2a
=
(
ϕ(n)− 2 ∑
3≤r<a
ϕ(2a−r+1)− 4
)
+ 2 ∑
3≤r<a
ϕ(2a−r+1)× 2r + 4× 2a
=
(
2a−1 − 2 ∑
3≤r<a
2a−r − 4
)
+ 2 ∑
3≤r<a
2a + 2a+2
=
(
2a−1 − 2× 2− 2
a−2
1− 2 − 4
)
+ (a− 3)2a+1 + 2a+2
= (a− 1)2a+1. (13)
By Theorem 3.9, (8), (9) and (13), we have
C(2a, 2) = 1
2ϕ(n)
∑
λ∈Z∗n
{gcd(λ− 1, n)2 − 4× gcd(λ− 1, n)+ gcd(λ2 − 1, n)} + 1
= 1
2ϕ(n)
∑
λ∈Z∗n
gcd(λ− 1, n)2 − 4×∑
λ∈Z∗n
gcd(λ− 1, n)+∑
λ∈Z∗n
gcd(λ2 − 1, n)
+ 1
= 1
2a
{(22a + 22a−1 − 2× 2a−1)− 4× (a+ 1)2a−1 + (a− 1)2a+1} + 1
= 1
2a
{3× 22a−1 + (a− 1)2a+1 − (2a+ 3)2a} + 1
= 3× 2a−1 + (a− 1)2− (2a+ 3)+ 1
= 3× 2a−1 − 4.
This completes the proof. 
5. Enumeration of directed double networks
Let X = Zn \ {0}, Z∗n acts on [X]2 as defined by (7) and A = {S = {a,−a} ∈ [X]2 | a ∈ X}. Then A is invariant on the action of
Z∗n . For λ ∈ Z∗n , let f ixA(λ) = {S ∈ A | λS = S}.
Lemma 5.1. Let Z∗n act on A and λ ∈ Z∗n(n ≥ 3). Then
(a) For λ = ±1, |f ixA(λ)| = n−22 if n is even, or |f ixA(λ)| = n−12 otherwise.
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(b) For λ 6= ±1 and n is even, |f ixA(λ)| = 12 {gcd(λ− 1, n)+ gcd(λ+ 1, n)} − 2.
(c) For λ 6= ±1 and n is odd, |f ixA(λ)| = 12 {gcd(λ− 1, n)+ gcd(λ+ 1, n)} − 1.
Proof. Note that f ixA(λ) = {{a,−a} ∈ A | λ{a,−a} = {a,−a}, a ∈ Zn}. If λ = ±1 then f ixA(λ) = |A|. Clearly, if n is even then
|A| = n−22 (in this case, n2 = − n2 ); if n is odd then |A| = n−12 . The statement of (a) follows.
Suppose that λ 6= ±1 and λ{a,−a} = {a,−a}. Then λa = a or λa = −a.
If λa = a then (λ − 1)a = 0 mod(n). Notice that (λ − 1)a = 0 if and only if (λ − 1)(−a) = 0. By Lemma 3.6,
there are gcd(λ − 1, n) values of a which satisfy the congruence equation (λ − 1)x = 0 mod(n), which can result in
1
2 gcd(λ− 1, n)− 1 pairs, as {a,−a}, such that λ{a,−a} = {a,−a} if n is even(in this case, 0 and n2 are two solutions), and can
produce 12 {gcd(λ− 1, n)− 1} numbers of such pairs if n is odd(in this case, 0 is a solution).
If λa = −a then (λ+1)a = 0 mod(n). Similarly as above we claim that there are 12 gcd(λ+1, n)−1 pairs, as {a,−a}, such
that λ{a,−a} = {a,−a} if n is even, and 12 {gcd(λ+ 1, n)− 1} pairs if n is odd.
λa = a and λa = −a can not be satisfied at the same time except when n is even and a = 0, n2 . Hence, by the above
arguments, we have
|fixA(λ)| =

1
2
{gcd(λ− 1, n)+ gcd(λ+ 1, n)} − 2, if n is even and λ 6= ±1
1
2
{gcd(λ− 1, n)+ gcd(λ+ 1, n)} − 1, if n is odd and λ 6= ±1.
The statements of (b) and (c) follow. 
From Lemma 5.1 we can enumerate the number of orbits of Z∗n acting on A.
Theorem 5.2. Let Z∗n act on A. Then the number of orbits of Z∗n acting on A equals
M =

1
ϕ(n)
 ∑±16=λ∈Z∗n
1
2
(gcd(λ− 1, n)+ gcd(λ+ 1, n))− 2(ϕ(n)− 2)+ (n− 2)
 , if n is even
1
ϕ(n)
 ∑±16=λ∈Z∗n
1
2
(gcd(λ− 1, n)+ gcd(λ+ 1, n))− (ϕ(n)− 2)+ (n− 1)
 , if n is odd.
Proof. By Lemmas 3.1 and 5.1, if n is even, then M equals
1
|Z∗n|
∑
λ∈Z∗n
|f ixA(λ)| = 1
ϕ(n)
 ∑±16=λ∈Z∗n |f ixA(λ)| + |f ixA(1)| + |f ixA(−1)|

= 1
ϕ(n)
 ∑±16=λ∈Z∗n
1
2
(gcd(λ− 1, n)+ gcd(λ+ 1, n))− 2(ϕ(n)− 2)+ (n− 2)
 .
Similarly, if n is odd, then M equals
1
|Z∗n|
∑
λ∈Z∗n
|f ixA(λ)| = 1
ϕ(n)
 ∑±16=λ∈Z∗n |f ixA(λ)| + |f ixA(1)| + |f ixA(−1)|

= 1
ϕ(n)
 ∑±16=λ∈Z∗n
1
2
(gcd(λ− 1, n)+ gcd(λ+ 1, n))− (ϕ(n)− 2)+ (n− 1)
 .
Our result immediately follows. 
Let n = pa be an odd prime power. If λ = −1 then gcd(λ−1, n) = 1 and gcd(λ+1, n) = pa; If λ = 1 then gcd(λ−1, n) = pa
and gcd(λ+ 1, n) = 1. Thus from (10) we have∑
±16=λ∈Z∗n
gcd(λ− 1, n) = ∑
λ∈Z∗n
gcd(λ− 1, n)− ∑
λ∈{±1}
gcd(λ− 1, n)
= (a+ 1)(p− 1)pa−1 − (1+ pa)
= (a(p− 1)− 1)pa−1 − 1
= ∑
±16=λ∈Z∗n
gcd(λ+ 1, n). (14)
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By Theorem 5.2 and (14), for odd prime power n = pa we have
M = 1
ϕ(n)
 ∑±16=λ∈Z∗n gcd(λ− 1, n)− (ϕ(n)− 2)+ (n− 1)

= 1
ϕ(n)
{(a(p− 1)− 1)pa−1 − 1− (ϕ(n)− 2)+ (n− 1)}
= 1
(p− 1)pa−1 {(a(p− 1)− 1)p
a−1 − (p− 1)pa−1 + pa}
= a. (15)
Let n = 2a(a ≥ 2). Note that if λ = 1 then gcd(λ + 1, n) = 2 and gcd(λ − 1, n) = 2a; if λ = −1 then gcd(λ + 1, n) = 2a
and gcd(λ− 1, n) = 2. By Lemma 4.2, we know that there are (ϕ(2a−1)− 1) values of λ in Z∗n \ {±1} such that gcd(λ+ 1, n) =
2 = gcd(λ − 1, n), there are ϕ(2a−r) values of λ in Z∗n \ {±1} such that gcd(λ + 1, n) = 2r = gcd(λ − 1, n)(2 ≤ r ≤ a), and
there are ((ϕ(n)− 2)−∑2≤r<a ϕ(2a−r)− (ϕ(2a−1)− 1)) values of λ in Z∗n \ {±1} such that gcd(λ+ 1, n) = 1 = gcd(λ− 1, n).
Therefore, the equation which corresponds to (14) for n = 2a is
∑
±16=λ∈Z∗n
gcd(λ+ 1, n) =
(
ϕ(n)− ∑
1≤r<a
ϕ(2a−r)− 1
)
+ ∑
2≤r<a
2rϕ(2a−r)+ 2(ϕ(2a−1)− 1)
= 2a−1 − ∑
1≤r<a
2a−r−1 − 1+ ∑
2≤r<a
2a−1 + 2a−1 − 2
= 2a−1 − 1− 2
a−1
1− 2 − 1+ (a− 2)2
a−1 + 2a−1 − 2
= (a− 1)2a−1 − 2 = ∑
±16=λ∈Z∗n
gcd(λ− 1, n). (16)
By Theorem 5.2, (14) and (16), for n = 2a we have
M = 1
ϕ(n)
 ∑±16=λ∈Z∗n
1
2
{gcd(λ− 1, n)+ gcd(λ+ 1, n)} − 2(ϕ(n)− 2)+ (n− 2)

= 1
2a−1
{1
2
((a− 1)2a−1 − 2+ (a− 1)2a−1 − 2)− 2(2a−1 − 2)+ (2a − 2)
}
= 1
2a−1
{(a− 1)2a−1 − 2− 2(2a−1 − 2)+ (2a − 2)}
= a− 1. (17)
The following result immediately follows from (15) and (17).
Corollary 5.3. Let Z∗n act on A. Then the number of orbits of Z∗n acting on A equals M, where
M =
{
a, if n = pa(a ≥ 2) and p is an odd prime
a− 1, if n = 2a(a ≥ 2).
Since a 2-regular circulant graph C(n, S) is a directed double network if and only if S = {a, b} and a 6= −b, the number of
non-isomorphic double networks equals the difference of the number of non-isomorphic 2-regular circulant graphs and the
number of the orbits ofZ∗n acting on A. From Theorems 4.4 and 4.7 and Corollary 5.3, we have the formula for the enumeration
of non-isomorphic directed double networks of prime power order.
Theorem 5.4. Let n = pa be a prime power and D(n) be the number of non-isomorphic directed double networks of order n. Then
D(n) =

(pa − 1)(p+ 1)
2(p− 1) − 2a, if n = p
a(a ≥ 1) and p is an odd prime
3× 2a−1 − 3− a, if n = 2a(a ≥ 3).
To conclude, we give two examples to illustrate our formulas.
Example 1. LetZ23 = {0, 1, 2, . . . , 7} andZ∗23 act on [X]2(where X = Z23\{0}). Then, by Theorem 4.7, there are 3×2a−1−4 = 8
non-isomorphic 2-regular circulant graphs C(23, S) and, by Theorem 5.4, there are 3 × 2a−1 − 3 − a = 6 non-isomorphic
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directed double networks C(23, T), where S and T are as follows.
S = {{1, 2}, {3, 6}, {6, 7}, {5, 2}
{1, 4}, {4, 7}, {3, 4}, {4, 5}
{1, 6}, {2, 7}, {2, 3}, {5, 6}
{1, 3}, {5, 7}
{1, 5}, {3, 7}
{2, 4}, {4, 6}
{1, 7}, {3, 5}
{2, 6}}
T = {{1, 2}, {3, 6}, {6, 7}, {5, 2}
{1, 4}, {4, 7}, {3, 4}, {4, 5}
{1, 6}, {2, 7}, {2, 3}, {5, 6}
{1, 3}, {5, 7}
{1, 5}, {3, 7}
{2, 4}, {4, 6}}
where every row in S(resp. T) contains a full set of circulant graphs(resp. directed double network) isomorphic to each other.
Example 2. Let Z32 = {0, 1, 2, . . . , 8} and Z∗32 act on [X]2(where X = Z32 \ {0}). Then, by Theorem 4.4, there are 12 (32 − 1)+
(3+1)−2 = 6 non-isomorphic 2-regular circulant graphs C(32, S) and, by Theorem 5.4, there are 12 (32−1)+(3+1)−2×2 = 4
non-isomorphic double networks C(32, T), where S and T are as follows.
S = {{1, 2}, {2, 4}, {4, 8}, {8, 7}, {7, 5}, {5, 1}
{1, 4}, {2, 8}, {4, 7}, {8, 5}, {7, 1}, {5, 2}
{1, 6}, {2, 3}, {4, 6}, {8, 3}, {7, 6}, {5, 3}
{1, 3}, {2, 6}, {4, 3}, {8, 6}, {7, 3}, {5, 6}
{1, 8}, {2, 7}, {4, 5}
{3, 6}}
T = {{1, 2}, {2, 4}, {4, 8}, {8, 7}, {7, 5}, {5, 1}
{1, 4}, {2, 8}, {4, 7}, {8, 5}, {7, 1}, {5, 2}
{1, 6}, {2, 3}, {4, 6}, {8, 3}, {7, 6}, {5, 3}
{1, 3}, {2, 6}, {4, 3}, {8, 6}, {7, 3}, {5, 6}},
where every row in S(resp. T) contains a full set of circulant graphs(resp. directed double network) isomorphic to each other.
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